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Abstract
In this paper the homogenization of degenerate nonlinear parabolic equations
∂tu − diva
(
t
ε
,
x
ε
,∇u
)
= f (t, x),
where a(t, y, λ) is periodic in (t, y), is studied via a weighted compensated compactness result.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction and main result
Let T > 0 and Ω be a bounded domain in Rn with smooth boundary. Consider the following
initial-boundary value problem:
(Pε)
⎧⎪⎨⎪⎩
∂tu
ε − diva
(
t
ε
,
x
ε
,∇uε
)
= f (x, t) in ΩT = Ω×(0, T ),
uε(x, t) = 0 on ∂Ω×(0, T ),
uε(x,0) = u0(x) in Ω.
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for ε converging to zero of solutions to the problem (Pε), satisfying a coerciveness condition of
the type
a(t, y, ξ)ξ  |ξ |p (p > 1),
has been widely studied by many authors. See [1,4,10,11,20] and their references.
By the degeneration we mean the following assumption (H3) holds, for another degenerate
parabolic equations see also [2,6]. The asymptotic behavior of some class of degenerate ellip-
tic equations has been considered in [5,8], while a G-convergence result for degenerate linear
parabolic equations with p = 2 was obtained in [17].
We extend the weighted compensated compactness results from [17] to nonlinear parabolic
with p  2 in this paper, i.e. Theorems 3.2 and 3.5 (see also the classical compensated compact-
ness arguments of Murat [15] and Tartar [19]). Then we get the homogenization as in [21] for the
degenerate problem (Pε) by combining Theorems 3.2, 3.5 and some techniques from harmonic
analysis. We are grateful to the referee who mentioned to us article [2], and hope to consider that
homogenization of model of [2] in the future.
Let p > 1 and μ be a measurable function on Rn such that
μ > 0 a.e. in Ω; μ,μ− 1p−1 ∈ L1loc
(
R
n
)
. (1.1)
We define now Ap classes (see [17, Definition 2.1], [5, Definition 1.1]).
Definition 1.1. Let p > 1, K  1, and μ be a weight on Rn (i.e., μ satisfies (1.1)). We say that
μ is in the Muckenhoupt class Ap(K) weight if(
−
∫
Q
μdy
)(
−
∫
Q
μ
− 1
p−1 dy
)p−1
K (1.2)
for every cube Q inRn with face parallel to the coordinate planes, where −
∫
Q
μdy = 1|Q|
∫
Q
μdy,
and |Q| indicates the Lebesgue measure of Q. Moreover we define Ap := ⋃K1 Ap(K) and
A∞ =⋃p>1 Ap .
Remark 1.2. By definition we have at once that Ap(K) ⊂ Al(K) if 1 < p < l < ∞.
Example 1.3. We can give an Ap weighted functions as in [9]
μ(y) = |y|β, β > −n. (1.3)
One can consult Muckenhoupt class Ap weighted functions in detail in [9,16] and their refer-
ences.
Throughout this paper the following assumptions are imposed. There and after C denotes
generic positive constants which may vary from line to line, but which is independent of ε.
(H1) a :R× Rn × Rn → Rn is a Carathéodory function, i.e., a(t, y, ξ) is measurable in (t, y)
and continuous in ξ .
(H2) a(t, y, ξ) is (τ0, Y )-periodic in (t, y), where Y = (0,1)n, τ0 is some positive number.
(H3) There exist p > 1 and C > 0 so that for every (t, y) ∈R×Rn, ξ ∈Rn,
978 Y. Huang, N. Su / J. Math. Anal. Appl. 330 (2007) 976–988a(t, y, ξ)ξ  μ(y)|ξ |p,∣∣a(t, y, ξ)∣∣ Cμ(y)(1 + |ξ |p−1),
where μ(y) is a positive, Y -periodic weight function, belonging to the Muckenhoupt
class Ap .
(H4) For all ξ1, ξ2 ∈Rn with ξ1 = ξ2,[
a(t, y, ξ1) − a(t, y, ξ2)
]
(ξ1 − ξ2) > 0, ∀(t, y) ∈R×Rn.
The main result of this paper is
Theorem 1.4. If (H1)–(H4) are fulfilled, then for every ε > 0 there exists a unique solution uε to
problem (Pε). Furthermore, let u ∈ Lp(0, T ;W 1,p0 (Ω)) be the solution of the following initial-
boundary value problem:
(P0)
{
∂tu− divA(∇u) = f (x, t) in ΩT = Ω×(0, T ),
u(x, t) = 0 on ∂Ω×(0, T ),
u(x,0) = u0(x) in Ω.
Then, as ε → 0, upon to a subsequence, we have:
uε → u strongly in Lp(ΩT ), (1.4)
a
(
t
ε
,
x
ε
,∇uε
)
⇀ A(∇u) weakly in (L1(ΩT ))n, (1.5)
where A :Rn →Rn is defined by
A(ξ) = τ−10
τ0∫
0
∫
Y
a
(
t, y, ξ + ∇Φξ(t, y))dy dt, (1.6)
with Φξ ∈ Lp(0, T ;W 1,pper (μ,Y )) satisfying
τ0∫
0
∫
Y
a
(
t, y, ξ + ∇Φξ(t, y)) · ∇ϕ dy dt = 0 ∀ϕ ∈ Lp(0, T ;W 1,pper (μ,Y )), (1.7)
here W 1,pper (μ,Y ) denotes the space which consists of the elements of W 1,p(μ,Y ) having the
same trace on the opposite faces of Y . It is easy to choose Φξ such that
Φξ is (τ0, Y )-periodic in (t, y). (1.8)
Example 1.5. The following equation provides an example of application of Theorem 1.4.
∂tu
ε − div
( |x|
ε
∣∣∇uε∣∣p−2∇uε)= f (x, t), (1.9)
where the equation is one point singularity model in [7] (see also [6]).
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Weighted Sobolev spaces
We define
Lp(μ,Ω) = {u ∈ L1loc(Ω) | uμ 1p ∈ Lp(Ω)},
W 1,p(μ,Ω) = {u ∈ W 1,1loc (Ω) | u ∈ Lp(μ,Ω), ∇u ∈ Lp(μ,Ω)},
W
1,p
loc (μ,Ω) =
{
u ∈ W 1,1loc (Ω) | u ∈ W 1,p(μ,B), for every open set B
compactly contained in Ω
}
.
It is easy to see that W 1,p(μ,Ω) endowed with the norm
‖u‖W 1,p(μ,Ω) =
(∫
Ω
μ
(|u|p + |∇u|p)dx) 1p
is a reflexive and separable Banach space. We denote by W 1,p0 (μ,Ω) the closure of C
∞
0 (Ω) in
the W 1,p(μ,Ω) with its dual space W−1,p′(μ,Ω), where 1
p
+ 1
p′ = 1, and W 1,pper (μ,Y ) the set
of the function u in W 1,1loc (R
n) such that u is Y -periodic and u ∈ W 1,p(μ,Y ).
Lemma 2.1. [5, Theorem 1.3] Let p > 1 and K  1. Then there exist two positive constants
δ = δ(n,p,K) and C = C(n,p,K) such that(
−
∫
Q
μ1+δ dy
) 1
δ+1
 C −
∫
Q
μdy, (2.1)
(
−
∫
Q
μ
− 1+δ
p−1 dy
) 1
δ+1
C −
∫
Q
μ
− 1
p−1 dy (2.2)
for every cube Q with faces parallel to the coordinate planes and every μ ∈ Ap(K).
Remark 2.2. Ap weights also verify the doubling property, i.e. if μ ∈ Ap(K) for every m > 0
there exists a constant C = C(m,n,p,K) (depending only on m,n,p,K) such that
μ(mQ) Cμ(Q), (2.3)
for every cube Q of Rn (see for instance [17]).
We recall some classical results concerning abstract parabolic equation. Let H be a Hilbert
space, and let V and V ∗ be a real reflexive Banach space and its dual space, we assume V is
dense and continuously embedded in H . We consider the classical triple as Chapter III in [18]
(see also [12, Chapter 1]),
V ⊂ H ⊂ V ∗,
and we denote by X = Lp(0, T ;V ) the space of measurable functions
g : (0, T ) → V such that ‖g‖V belongs to Lp(0, T ).
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p
+ 1
p′ = 1.
Thus, we have the following lemma as Proposition 1.2 and Corollary 1.1 of [18, Chapter III].
Lemma 2.3. The set Σ1p(0, T ;V ) = {u ∈ Lp(0, T ;V ): u′ ∈ Lp′(0, T ;V ∗)} equipped with the
norm
‖u‖Σ1p(0,T ;V ) = ‖u‖Lp(0,T ;V ) + ‖u′‖Lp′ (0,T ;V ∗) (2.4)
is a Banach space, and there exists continuous imbedding Σ1p(0, T ;V ) ↪→ C([0, T ];H). More-
over, if u,v ∈ Σ1p(0, T ;V ) then (u(·), v(·))H is absolutely continuous on [0, T ] and
d
dt
(
u(t), v(t)
)
H
= 〈u′(t), v〉
V ∗,V +
〈
v′(t), u(t)
〉
V ∗,V a.e. t ∈ [0, T ],
where u′ denotes the distributional derivative of u.
The following compactness criterion of Lions and Aubin [18, Chapter III, Proposition 1.3]
will be useful in Section 3.
Lemma 2.4. Let B0, B , B1 be Banach spaces with B0 ⊂ B ⊂ B1; assume B0 ↪→ B is compact
and B ↪→ B1 is continuous. Let 1 < p < ∞, 1 < q < ∞, let B0 and B1 be reflexive, and define
W ≡ {u ∈ Lp(0, T ;B0): u′ ∈ Lq(0, T ;B1)}.
Then the inclusion W ↪→ Lp(0, T ;B) is compact.
Lemma 2.5. Let h ∈ Lploc(Rn) and 1 p < ∞ be Y -periodic. Then for hε(x) = h(xε ),
hε ⇀
∫
Y
hdy weakly in Lploc
(
R
n
)
,
as ε → 0.
Proof. See [11, p. 5]. 
The function A :R×Rn →Rn defined in (1.6) possesses the following properties:
Lemma 2.6. There exist positive constants C1 = C1(n,p, τ0), C2 = C2(n,p, τ0) so that for all
ξ ∈Rn∣∣A(ξ)∣∣ C1(1 + |ξ |p−1), (2.5)
A(ξ)ξ  C2|ξ |p. (2.6)
The proof of Lemma 2.6 is similar to that of Lemma 3.3 in [5] and Lemma 2.3 in [10]. On the
other hand, one has the following as Lemma 3.4 in [5] and Lemma 2.4 in [10]:
Lemma 2.7. A(ξ) :R×Rn →Rn is continuous, and[
A(ξ1) − A(ξ2)
]
(ξ1 − ξ2) > 0 (2.7)
for all ξ1, ξ2 ∈Rn with ξ1 = ξ2.
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(P0) by making use of monotonicity methods in [12,14].
3. A weighted compensated compactness result
In this section we are going to prove some compactness results which extend Theorem 3.1
in [17].
From now on, we denote Vε = W 1,p0 (με,Ω), and consider Lp(0, T ;Vε) with με = μ(xε ). For
H = L2(Ω), consider the evolution triple
Vε ⊂ H ⊂ V ∗ε ,
we defined Σ1p as in Lemma 2.3.
Definition 3.1. A function uε is said to be a weak solution of the initial-boundary value problem
(Pε) if
uε ∈ C([0, T ];L2(Ω))∩ Lp(0, T ;Vε), ∂tuε ∈ Lp′(0, T ;V ∗ε ), (3.1)
and uε satisfies the problem (Pε) in the sense of distributions, where f ∈ X∗ = Lp′(0, T ;V ∗ε ),
and u0 ∈ L2(Ω).
Theorem 3.2. Let {με} ⊂ Ap(K) for some K  1, then the family {uε} satisfying
uε ∈ Σ1p(0, T ;Vε), ‖uε‖Σ1p(0,T ;Vε) C (3.2)
is relatively compact in Lp(ΩT ).
Remark 3.3. There is a result in p = 2 and μ(y) without periodicity in [17].
Let ρ be a non-negative function in C∞0 (Rn) with the property that∫
Rn
ρ dy = 1, suppρ ⊂ B(0,1),
and let
ρk(x) = k−nρ
(
x
k
) (
x ∈Rn, k ∈ N).
It is easy to see that ρk(x) ∈ C∞0 (Rn), suppρk ⊂ B(0, k). ρk(x) is called a regularizer (or molli-
fier) and the convolution
uk(x, t) ≡ ρk ∗ u(x, t) ≡
∫
Rn
ρk(x − y)u(y, t) dy, (x, t) ∈Rn × [0, T ], (3.3)
is called the regularization of u (see [22]).
Proposition 3.4. Let K  1, T > 0. Then there exist γ = γ (n,K), 0 < γ < 1, and Ci =
Ci(n,ρ,Ω,K), i = 1,2, such that
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ΩT
με|u ∗ ρk − u|p dx dt  C1kp
∫∫
ΩT
με|∇u|p dx dt, (3.4)
∫∫
ΩT
|u ∗ ρk − u|p dx dt C2kp(1−γ )
∫∫
ΩT
με|∇u|p dx dt (3.5)
hold for all u ∈ Lp(0, T ;Vε), με ∈ Ap(K).
The proof of Proposition 3.4 is similar to that of Proposition 3.3 in [17].
Proof of Theorem 3.2. Since με(x) = μ(xε ),Ω is bounded, the dilated cube Ωε can be covered
by a number of unite cubes Q proportional to ( 1
ε
)n. We then have∫
Ω
μ
(
x
ε
)
dx =
∫
Ω
ε
μ(z)εn dz C
(
1
ε
)n
εn
∫
Q
μ(z)dz C, (3.6)
∫
Ω
μ
(
x
ε
)− 1
p−1
dx =
∫
Ω
ε
μ(z)
− 1
p−1 εn dz C
(
1
ε
)n
εn
∫
Q
μ(z)
− 1
p−1 dz C. (3.7)
By (2.2) and (2.3), it can be easily proved that, taking 0 < σ < 1 such that 1+σ
p−(1+σ) = 1+δp−1 ,
where δ is defined in (2.2), there exist two positive constants Ci = Ci(n,K,Ω) (depending only
on n,K,Ω), i = 1,2, such that
C1
∥∥∥∥μ(xε
)− 1
p−1
∥∥∥∥−
p−1
p
L1(Ω)
‖u‖
W
1,1+σ
0 (Ω)
 ‖u‖Vε C2
∥∥∥∥μ(xε
)∥∥∥∥ 1p
L1(Ω)
‖u‖
W
1,(1+σ)′
0 (Ω)
. (3.8)
Here we prove only the first inequality in (3.8), the proof of the second is identical. Using Hölder
inequality we get∫
Ω
(∣∣uε∣∣+ ∣∣∇uε∣∣)1+σ dx  (∫
Ω
(∣∣uε∣∣+ ∣∣∇uε∣∣)pμε dx) 1+σp (∫
Ω
μ
− 1+σ
p−(1+σ)
ε dx
)1− 1+σ
p
.
(3.9)
Then, we choose 0 < σ < 1 such that 1+σ
p−(1+σ) = 1+δp−1 , where δ is defined in Lemma 2.1. We
obtain the first inequality in (3.8).
On the other hand, we have∫
Ω
μ
− 1+δ
p−1
ε dx = εn
∫
Ω
ε
μ
− 1+δ
p−1 (z) dz
∫
Y
μ
− 1+δ
p−1 (z) dzC, (3.10)
by periodicity since 1
ε
Ω can be covered by N copies of Y , with N  C( 1
ε
)n.
By (3.6), (3.8) and (3.10), there exists a σ ∈ (0,1), and p < 1 + 1
σ
= (1 + σ)′,
C1‖u‖W 1,1+σ (Ω)  ‖u‖Vε C2‖u‖ 1,(1+σ)′ . (3.11)0 W0 (Ω)
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such that Ω ⊂ Ω˜ and fix k ∈ (0, k0), where k0 = dist(Ω, ∂Ω˜), and let us observe that (uεk)ε ⊂
C∞(0, T ;W 1,∞0 (Ω˜)) and that (uεk)′ = (uε)′k .
From (3.6)–(3.8) and (3.11), there exists a positive constant C = C(n,Ω,T ,ρ, k) such that
∥∥uεk∥∥
Lp(0,T ;W 1,1+
1
σ
0 (Ω˜))
 C
∥∥∥∥μ(xε
)− 1
p−1
∥∥∥∥
p−1
p
L1(Ω)
∥∥uε∥∥
Lp(0,T ;Vε)  C
∥∥uε∥∥
Lp(0,T ;Vε), (3.12)
and there exists a positive constant C = C(n,Ω,T ,ρ, k) such that
∥∥(uεk)′∥∥Lp′ (0,T ;W−1,1+σ (Ω˜))  C∥∥∥∥μ(xε
)∥∥∥∥ 1p
L1(Ω)
∥∥(uε)′∥∥
Lp
′
(0,T ;V ∗ε )
 C
∥∥(uε)′∥∥
Lp
′
(0,T ;V ∗ε ). (3.13)
Thus, by (3.2), (3.12) and (3.13)∥∥uεk∥∥
Lp(0,T ;W 1,1+
1
σ
0 (Ω˜))
+ ∥∥(uεk)′∥∥Lp′ (0,T ;W−1,1+σ (Ω˜))  C. (3.14)
Hence, by applying the well-known general Sobolev imbedding theorem Lemma 2.4 with
B0 = W 1,1+
1
σ
0 (Ω˜), B = Lp(Ω˜), B1 = W−1,1+σ (Ω˜), and (3.14) we obtain that the set {uεk ∈
Lp(Ω˜T ): ∀ε > 0} is totally bounded in Lp(Ω˜T ), and obviously, in Lp(ΩT ).
On the other hand, from (3.5) we have that there exists γ ∈ (0,1) such that∥∥uεk − uε∥∥Lp(ΩT )  Ck1−γ ∥∥uε∥∥Σ1p(0,T ;Vε). (3.15)
Therefore, Theorem 3.2 follows. 
Theorem 3.5. Assume:
(a) A family {uε} ⊂ Σ1p(0, T ;Vε) satisfies∥∥uε∥∥
Σ1p(0,T ;Vε)  C,
uε → u strongly in Lp(ΩT ),
}
(3.16)
where {με}ε>0 ⊂ Ap(K) for some K  1;
(b) A family {aε} of vector functions in Rn such that∫∫
ΩT
∣∣aε∣∣p′μ− 1(p−1)ε dx dt  C,
∂tu
ε − divaε = f (x, t) in D′(ΩT ),
aε ⇀ a weakly in
(
L1(ΩT )
)n
,
⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (3.17)
where a ∈ (Lp′(ν− 1p−1 ,ΩT ))n for some ν ∈ Ap(K).
Then
aε · ∇uε → a · ∇u in D′(ΩT ). (3.18)
The proof of Theorem 3.5 is similar to that of Theorem 3.14 in [17].
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In this section, we will prove our main result.
Multiplying (Pε) by uε and integrating it over ΩT we have
1
2
∥∥uε(T )∥∥2
L2(Ω) −
1
2
∥∥uε(0)∥∥2
L2(Ω) +
∫∫
ΩT
a
(
t
ε
,
x
ε
,∇uε
)
· ∇uε dx dt
=
∫∫
ΩT
f uε dx dt. (4.1)
By virtue of (H3)
1
2
∥∥uε(T )∥∥2
L2(Ω) +
∫∫
ΩT
με
∣∣∇uε∣∣p dx dt  ∫∫
ΩT
f uε dx dt + 1
2
∥∥uε(0)∥∥2
L2(Ω). (4.2)
Using Young inequality we get∫∫
ΩT
με
∣∣∇uε∣∣p dx dt  C. (4.3)
By Poincaré inequality with weight [5],∫∫
ΩT
με
(∣∣uε∣∣p + ∣∣∇uε∣∣p)dx dt  C. (4.4)
From (H3) and Hölder inequality,∫∫
ΩT
∣∣∣∣a( tε , xε ,∇uε
)∣∣∣∣p′μ− 1p−1ε dx dt  C ∫∫
ΩT
με
(
1 + ∣∣∇uε∣∣p−1)p′ dx dt
 C
∫∫
ΩT
με
∣∣∇uε∣∣p dx dt  C. (4.5)
In order to prove the convergence of {uε} and {aε} = {a( t
ε
, x
ε
,∇uε)}, let us prove that there
exists σ > 0 such that {uε} is bounded in L1+σ (0, T ;W 1,1+σ0 (Ω)) and {aε} is bounded in
(L1+σ (ΩT ))n uniformly with respect to ε ∈ (0,1).
Using Hölder inequality we get∫∫
ΩT
(∣∣uε∣∣+ ∣∣∇uε∣∣)1+σ dx dt

(∫∫
ΩT
(∣∣uε∣∣+ ∣∣∇uε∣∣)pμε dx dt) 1+σp (∫∫
ΩT
μ
− 1+σ
p−(1+σ)
ε dx dt
)1− 1+σ
p
 C
(∫∫
μ
− 1+σ
p−(1+σ)
ε dx dt
)1− 1+σ
p
. (4.6)
ΩT
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p−(1+σ) = 1+δp−1 , where δ is defined in Lemma 2.1. From
(3.7) and (4.6) we arrive at∫∫
ΩT
(∣∣uε∣∣+ ∣∣∇uε∣∣)1+σ dx dt  C. (4.7)
Analogously, by (4.6),{
aε
}= {a( t
ε
,
x
ε
,∇uε
)}
is bounded in
(
L1+σ (ΩT )
)n
uniformly with respect to ε.
Hence, there exist u∗ ∈ L1+σ (0, T ;W 1,1+σ0 (Ω)), a0 ∈ (L1+σ (ΩT ))n such that
uε ⇀ u∗ weakly in L1+σ
(
0, T ;W 1,1+σ0 (Ω)
)
, (4.8)
a
(
t
ε
,
x
ε
,∇uε
)
⇀ a0 weakly in
(
L1+σ (ΩT )
)n
. (4.9)
It is easy to see that∥∥∂tuε∥∥X∗  ∥∥∥∥a( tε , xε ,∇uε
)∥∥∥∥
X∗
+ ‖f ‖X∗ C. (4.10)
Let us now show that
u∗ ∈ Lp(0, T ;W 1,p0 (Ω)), ∂tu∗ ∈ Lp′(0, T ;W−1,p′(Ω)), (4.11)
a0 = A(∇u∗) a.e. in ΩT . (4.12)
To complete the proof of (4.11), it needs to be shown that
∇u∗ ∈ (Lp(ΩT ))n. (4.13)
By Hölder inequality, we get that for any ψ ∈ C10(ΩT )∫∫
ΩT
∣∣∇uε∣∣|ψ |dx dt

(∫∫
ΩT
∣∣∇uε∣∣pμε dx dt) 1p(∫∫
ΩT
μ
− 1
p−1
ε |ψ |p′ dx dt
) 1
p′
C
(∫∫
ΩT
μ
− 1
p−1
ε |ψ |p′ dx dt
) 1
p′ → C
(∫
Y
μ
− 1
p−1 (y) dy
) 1
p′
(∫∫
ΩT
|ψ |p′ dx dt
) 1
p′
.
(4.14)
By the Muckenhoupt class Ap(K) weight μ(y) and Lemma 2.5, we get∫∫
ΩT
|∇u∗||ψ |dx dt C‖ψ‖
Lp
′
(ΩT )
∀ψ ∈ C10(ΩT ),
(4.13) then follows.
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∂tu
∗ ∈ Lp′(0, T ;W−1,p′(Ω)), a0 ∈ (Lp′(ΩT ))n. (4.15)
Let us now prove (4.12).
For each ξ ∈Rn, let Φξ be the solution of (1.7) and (1.8). Denote
Wξ(t, y) = ξy + Φξ(t, y),
and
ωε(t, x) = εWξ
(
t
ε
,
x
ε
)
= ξx + εΦξ
(
t
ε
,
x
ε
)
.
Then
τ0∫
0
∫
Y
a
(
t, y,∇Wξ(t, y))(∇Wξ − ξ)dy dt = 0,
and from (H3),
τ0∫
0
∫
Y
μ(y)
∣∣∇Wξ ∣∣p dy dt  τ0∫
0
∫
Y
a
(
t, y,∇Wξ(t, y))ξ dy dt  C∣∣A(ξ)∣∣|ξ |.
Owing to (2.6), for every ξ ∈Rn,
τ0∫
0
∫
Y
μ(y)
∣∣∇Wξ ∣∣p dy dt C(1 + |ξ |p−1)|ξ | C|ξ |p.
Analogously to (4.7), there exist constants C > 0 and σ > 0 such that
τ0∫
0
∫
Y
∣∣∇Wξ ∣∣1+σ dy dt  C. (4.16)
By Theorem 3.2, one get
ωε(t, x) → ξx = ω strongly in Lp(ΩT ). (4.17)
From (1.7), it follows that for all ε > 0,
diva
(
t
ε
,
x
ε
,∇ωε
)
= 0 in D′(ΩT ). (4.18)
Thus, using Theorem 3.5 and (H4), one can get
0 lim
ε→0
∫∫
ΩT
[
a
(
t
ε
,
x
ε
,∇uε
)
− a
(
t
ε
,
x
ε
,∇ωε
)](∇uε − ∇ωε)ψ dx dt
=
∫∫
(a0 − A)(∇u∗ − ∇ω)ψ dx dt for every ψ ∈D(ΩT ). (4.19)
ΩT
Y. Huang, N. Su / J. Math. Anal. Appl. 330 (2007) 976–988 987Finally, let us use the Minty trick to conclude the proof of (4.12). For almost every (t, x) ∈ ΩT ,
η ∈ Rn and χ > 0, let us set ∇ω = ∇u∗ − χη; writing (4.19) with ∇ω so given and tak-
ing the limit as χ tends to zero, we obtain again by the continuity of A (see Lemma 2.7)
that ∫∫
ΩT
(
a0 − A(∇u∗)
)
ηψ dx dt  0 for every ψ ∈D(ΩT ). (4.20)
Thus, a0 = A(∇u∗) a.e. in ΩT .
By the uniqueness of the solution of (P0) (see Remark 2.8), (4.11) and (4.12), it follows
that
u = u∗ a.e. in ΩT .
Then Theorem 1.4 follows.
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